The J 1 -J 2 Heisenberg model is a "canonical" model in the field of quantum magnetism in order to study the interplay between frustration and quantum fluctuations as well as quantum phase transitions driven by frustration. Here we apply the Coupled Cluster Method (CCM) to study the spin-half J 1 -J 2 model with antiferromagnetic nearest-neighbor bonds J 1 > 0 and next-nearestneighbor bonds J 2 > 0 for the simple cubic (SC) and body-centered cubic (BCC) lattices. In particular, we wish to study the ground-state ordering of these systems as a function of the frustration parameter p = z 2 J 2 /z 1 J 1 , where z 1 (z 2 ) is the number of nearest (next-nearest) neighbors.
I. INTRODUCTION
Frustrated quantum magnetism continues to attract enormous attention both in theory and experiment [1] [2] [3] . A canonical model to study the interplay of frustration and quantum fluctuations is the spin-half J 1 -J 2 Heisenberg model. On the square lattice this model has been extensively utilized to study frustration-driven quantum phase transitions between semiclassical ground-state phases with magnetic long-range order and magnetically disordered quantum phases, see, e.g., Refs. . Despite of the numerous investigations of the two-dimensional (2D) model the nature of the non-magnetic quantum phase around J 2 /J 1 = 0.5 is still under debate. Interest in the spin-half J 1 -J 2 model on square lattice is motivated also by its relation to experimental studies of various magnetic materials, such as VOMoO 4 (Ref. [31] ), Li 2 VOSiO 4 , and Li 2 VOGeO 4 (Ref. [32] ) or Sr2CuTeO 6 (Ref. [33] ).
The dimension of the underlying lattice is crucial to the existence of magnetic long-range order in quantum magnetic systems. Naturally there is a stronger tendency to order in three-dimensional (3D) systems. Thus, already a quite small coupling between the J 1 − J 2 square-lattice layers leads to a disappearance of the magnetically disordered phase [34] [35] [36] [37] .
However, a magnetically disordered quantum phase is not per se excluded in frustrated 3D systems, as it has been demonstrated for the spin-half Heisenberg antiferromagnet (HAFM) on the pyrochlore lattice [38] .
The natural 3D counterpart of the square-lattice J 1 -J 2 model is the J 1 -J 2 model on the body-centered cubic (BCC) lattice. The limiting case of J 1 = 0 and J 2 > 0 belongs to the case of two interpenetrating unfrustrated, i.e. bipartite, antiferromagnets for both models.
The few investigations of the 3D BCC spin-half J 1 -J 2 model include exact diagonalization (ED) [39] , series expansions around the Ising limit [40] , spin-wave theory [39, 41] , and the random phase approximation [42] . Thus, all methods (except ED) start from the symmetrybroken classical antiferromagnetic states and then quantum corrections are subsequently taken into account. Consistently, all of these methods indicate that a single phase transition occurs in this system. In contrast to the 2D model, a magnetically disordered quantum phase is not observed. However, the frustration has a strong influence on the thermodynamics, in particular the critical temperature is substantially suppressed by frustration [40, [43] [44] [45] .
Less clear is the situation for the spin-half J 1 -J 2 model on the simple cubic (SC) lattice [43, [46] [47] [48] [49] [50] [51] [52] . In this case different approaches, such as, spin-wave theories [46] [47] [48] 51] , variational cluster approach [52] , differential operator technique [50] or a spherically symmetric Green function method [49] , come to different conclusions with respect to the existence of a disordered ground-state phase. The underlying semi-classical physics of these approaches is different. Spin-wave theories [46] [47] [48] 51] , differential operator technique [50] , and the variational cluster approach [52] include explicit symmetry breaking. Spin-wave theory uses the z-axis aligned classical states as a starting point for the calculation, whereas differential operator technique and the variational cluster approach use Weiss fields to test the presence of the antiferromagnetic order. By contrast, the Green function method [49] preserves full spin rotational invariance. A direct first-order transition between two antiferromagnetically long-range ordered phases was obtained in Refs. [46, 48, 50, 51] , whereas within Green function technique [49] and linear spin-wave theory [51] a magnetically disordered quantum phase was found that separates the two antiferromagnetic phases. Very recently the role of a third-neighbor coupling, J 3 , was studied by Laubach et al. [52] . Although, these authors did not discuss a disordered quantum phase for J 3 = 0, their results indicate that a very small additional frustrating J 3 > 0 leads to such a spin-liquid like quantum phase. It is in order to emphasize the basic difference between the BCC and SC J 1 -J 2 models, that becomes evident in the limit of large J 2 (or J 1 → 0). Contrary to the BCC model, the J 1 -J 2 HAFM on the SC model is still strongly frustrated, because the antiferromagnetic J 2 bonds connect sites of two interpenetrating face-centered cubic (FCC) lattices.
In the present paper we use the coupled cluster method (CCM) to perform a comparative study of the spin-half J 1 -J 2 HAFM on the BCC and SC lattices. We mention here, that the CCM previously has been applied to the 2D square-lattice J 1 -J 2 HAFM [10, 14, 16, 17, 26, 53] and the method provides accurate results for the ground-state energy, the magnetic order parameter as well as for the critical points, where the quantum phase transitions take place.
The relevant Hamiltonian of the J 1 -J 2 model is given by
The symbol i, j indicates those bonds that connect nearest-neighbor sites (counting each bond once only) and the symbol i, j indicates those bonds that connect next-nearestneighbor sites (again counting each bond once only). Here we consider the SC and BCC lattices in the regime J 1 ≥ 0 and J 2 ≥ 0, and these lattices (and CCM "model states", see Sec. II) are shown in Fig. 1 . We note that these systems are frustrated by positive values of
The competition between the bonds J 1 and J 2 and therefore the phase transition points in these systems depend on coordination numbers z 1 (i.e., the number of nearest-neighbors) and z 2 (i.e., the number of next-nearest-neighbors). In order to enable our calculations to be consistent with each other, we introduce the following quantity,
The (underlying) BCC and SC lattices are both bipartite, and so the nearest-neighbor Néel state forms the classical ground state for both of these systems for smaller values of p < p cl , i.e., up to the phase transition point at p = p cl , where
for the SC as well as for the BCC lattice. These states are shown in Fig. 1 for both the SC and BCC lattices. They are denoted by SC-AF1 and BCC-AF1, respectively. The situation is more complicated in the large p limit. The BCC lattice decouples into two SC lattices when nearest-neighbor bonds are set to J 1 = 0 and J 2 remains non-zero. Thus, collinear striped order (the corresponding state is denoted by BCC-AF2) occurs for p > p cl for the BCC lattice, also shown in Fig. 1 (denoted by SC-AF2) used here is also shown in Fig. 1 .
Here we wish to investigate the ground-state properties of the spin-half J 1 -J 2 model on the SC and BCC lattices by using the CCM. We wish to determine the positions of the phase transitions using the CCM and we aim to discuss the nature of the phase transitions.
As there is arguably less evidence available in the literature for the SC lattice rather than the BCC lattice, this investigation should be most useful for the SC lattice. However, we shall see that insight into both systems can be obtained by comparing and contrasting the results for each system.
In what follows, the formalism of the CCM is presented briefly, and then the results for the BCC lattice and the SC lattice are given. We present our conclusions in the final section of this paper.
II. METHOD
For general information relating to the methodology of the CCM, see, e.g., Refs. [56] [57] [58] [59] [60] .
The CCM has recently been applied computationally at high orders of approximation to quantum magnetic systems with much success, see, e.g., Refs. [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] . In the field of quantum magnetism, advantages of this approach are that it can be applied to strongly frustrated quantum spin systems in any dimension and with arbitrary spin quantum numbers. The exact ket and bra ground-state energy eigenvectors, |Ψ and Ψ |, of a many-body system described by a Hamiltonian H,
are parametrized within the CCM as follows:
Again, we remark that the model or reference states |Φ for the SC and BCC lattices are shown in Fig. 1 . The ground-state energy is now given by
The ket-state and bra-state correlation coefficients are obtained by solving the CCM ketand bra-state equations given by
Each ket-or bra-state equation belongs to a certain creation operator C
. it corresponds to a certain set (configuration or cluster) of lattice sites i, j, k, . . . . The ket-and bra-state correlation coefficients S I andS I , respectively, relate to the "fundamental" cluster with index I (of N f such fundamental clusters in total) and so also to the appropriate ground-state equation above.
The manner in which is the CCM equations are determined and solved is discussed elsewhere (again, see, e.g., Refs. [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] for more details). However, it is important to note here that the CCM formalism is only ever exact in the limit of inclusion of all possible multispin cluster correlations within S andS, although in any real application this is usually impossible to achieve. It is therefore necessary to utilize various approximation schemes within S andS. The most commonly employed scheme has been the localized LSUBm scheme, in which all multi-spin correlations over distinct locales on the lattice defined by m or fewer contiguous sites are retained. We will use this scheme in this article.
Note that we also make the specific and explicit restriction that the creation operators The order parameter (sublattice magnetization) M for the systems considered here is defined as
where we note thatŝ z i is with respect to the local spin axes at site i after rotation of the local spin axes with respect to the model state so that (notationally only) the spins appear to align in the negative z-direction. This ensures that the mathematics of treating these problems is slightly simpler [60, 61] . Hence, the order parameters are taken with respect to the model states shown in Fig. 1 .
As mentioned above, the LSUBm approximation becomes exact only in the limit m → ∞, and so it is useful to extrapolate the LSUBm results in this limit. A well-established extrapolation scheme [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] for the ground-state energy, E g /N, is given by
For the magnetic order parameter M we use the scheme
This extrapolation ansatz is most suitable to detect ground-state order-disorder transitions [16, 17, 26, [64] [65] [66] [67] . We were able to carry out CCM calculations to the LSUB8 level of approximation for the BCC lattice and to LSUB10 for the SC lattice. The maximum number of fundamental configurations entering the CCM calculations at the LSUB10 level of approximation is 1, 728, 469.
We know from Refs. [16, 17, 26, [64] [65] [66] [67] that the lowest level of approximation, LSUB2, conforms poorly to the extrapolation schemes, especially as the parameter p increases.
Hence, as in previous calculations, we exclude LSUB2 data from the extrapolations.
Specifically for the SC lattice we will also calculate the spin stiffness ρ up to the LSUB8 level of approximation. More explanation is needed relating to how to define the stiffness and how to perform the necessary CCM calculations, and so we transfer this discussion to the Appendix A.
III. RESULTS

A. Body-Centered Cubic Lattice
The BCC lattice is considered firstly. We were able to carry out CCM calculations to the LSUB8 level of approximation for this system. Results for the ground-state energy are shown [74] and of third-order spin-wave theory of M = 0.4412 [74] . The data shown in Fig. 3 clearly support that there is a direct first-order transition between the phases with semi-classical magnetic long-range orders of type AF1 and AF2 (see 
B. Simple Cubic Lattice
Next we consider the SC lattice. We were able to carry out CCM calculations to the LSUB10 level of approximation for this system. Results for the ground-state energy on the A striking difference to the BCC case is shown by the critical points that are estimated by finding the values at which the extrapolated order parameter becomes zero. We find p using model states AF1 and AF2. All of these results demonstrate that the transition is different to that for the BCC lattice. Furthermore, the behavior of the ground-state energy, the order parameter, and the stiffness are quite similar to that found for the square-lattice
, albeit with an intermediate quantum phase that is much smaller for the 3D SC lattice.
IV. CONCLUSIONS
The ground-state phases of the spin-half J 1 -J 2 HAFM on the BCC and SC lattices were seems that the emergence of a sizable gap in this phase is unlikely, i.e., we may expect that the intermediate phase is either a gapless spin liquid or a phase with a very small gap, cf.
also the discussion in Ref. [52] . The spin stiffness ρ s measures the increase in the amount of energy as we twist the magnetic order parameter of a magnetically long-range ordered system along a given direction by a small angle θ per unit length, see, e.g., Refs. [72, [77] [78] [79] [80] . We use here the notations given in Ref. [79] and define the stiffness tensor as
where e g = E g /N is the ground-state energy per spin, θ α = Q · e α (α= 1, 2, 3) are the twist angles along the basis vectors e α , and Q is the magnetic wave vector of the magnetically long-range ordered phase.
For the SC lattice we have trivially e α = e x,y,z . The coresponding magnetic wave-vectors are Q = (π, π, π) for the AF1 (Néel) state (see Fig. 1a ) and Q = (π, 0, π) for the AF2
(striped) state (see Fig. 1b) . For the classical model in the AF1 phase we easily obtain [17, 72, 75, 80] . We introduce the twist as described above and use the twisted state as the model state for the CCM calculation. As a result we obtain the quantum ground-state energy as a function of the imposed twist angle that can be used to find ρ point-group symmetries can be used for the non-collinear twisted state and so we have more fundamental clusters at equivalent level of LSUBm approximation. Therefore we can only calculate the stiffness only up to LSUB8. We follow Refs. [17, 72, 75, 80] and extrapolate the stiffness CCM-LSUBm data to m → ∞ using LSUB4, LSUB6 and LSUB8 data by using 
